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TECENICAL NOTE No. 112l

EFFECT OF SMALL DREVIATIONS FROM FLATN=3S ON
EFFECTIVE WIDTH AKD BUCKLING OF

~

PLATES IN COMPRESSICN

By Pal C. Hu, Eugens E., Lundquist,
and S. 3, Batdorf

SUMMARY

A theoretical investigation was undertaken to
evaluate the effect of small deviations from flastness
on the behavior of simply supported sguare plates under
compression, 1t being assumed that the proportional limit
is not exceeded. Thils study involved the solution of the
von Kérmén large~deflectlion equations agccording to the
method used by Samuel Ievy in NACA TN No. 846. as =
result of the Investigation, it was found that:

(1) The effacts of initial deviations from Tlatness
uponr buckle growth and effective width of plate are most
marksd at stresses around the theoretlical flat-plate
critlcal stress; at stresses well above or below the
critlical stress, the bzhavior of a plate with an initial
deviatlion from fluatness 1s very much the same g8 that of
an initlally perfectly flat plate.

(2) In two commonly used laboratory methods giving
experimental critical stresses related to the start of
rapidly increasing lateral deflections 1t may be expected
that the larger the initlal deviation from flatness the
smallsr 1s the experimental critical stress,

(3) The Southwell plot method of prsdicting theo-
retical critical stresses for perfect specimens from
experimentel observatlons on actusl specimens may not be
expected to give, in generazl, setisfactory results when
applled to flat plates,. L
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T NTRODUCTLON

Flat and curved plates constitute—basic structural

elements in an all-metal airplane structure. The behavior

and strength of both types of plate for various locadlng
conditions have been treated in the literature in varylng
degress,

The flat pnlate under compression has been treated
very extensively in previous work, but almost always with
the rsstriction that the plate be perfectly flat, 1In
sxwerimental studies of the compressive strength of stif-
feners and stiffened penels that consist of flat-plate
elements, the so-called flat plates have been found to
behave not as vperfectly flat-vlates, for which buckles

begin to form at a definite loed cslled the critical load,

but to behave rather as plates with slight deviatlons .
from flatness, for which buckles begin to grow with the
beginning of loading. The rate at which the buckles

grow with increase in load 1s very slow at first but
Increases appreciebly as the critical load is approached,
after whlch the rate of buckle growth with. load gradually
diminishes.

Since every flat plate in prsetical use behaves as
a nlate with slight deviations from flatness, a theo-
reticel study of simply supported square plates under
compression was undertaken to evaluate the effect of
small deviatlions from flatness on

(1) arowth of buckles with increase in load
(2) mffective width of »nlate

(3) Exverimentslly determined buckling or critical
stress

(l4) a&pplicability of the Southwell plot method of
predlicting theorsetlcal critical strosses for
perfectly flat plates from experimentsal
observations on actual plates

The present study involved the solution of the von Xdrmén
large~deflection equstlions according to the method of
Samuel Levy (reference 1) in order to obtain simulated
test data for plates wlth several initial deviations from
flatness.,
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The mathematical development of the equetions required
for the present investigation is given in appendix A for
& rectanguls? plate under lateral pressure snd longl-
tudinal end transverse compression. In appendlx B the
speclal case of a square plate subjscted to comnression
in only one direction is treasted. Throughout the investi-
gation the assumption is made that the stresses remain
below the proportional limit.

SYMBOLS

The coordinate system is shown in flgure 10.

8 plate length in x-direction o
b plate length in y-direction _
by effective wldth for 1oad—carrying capacity )

bty effective width for stlffness against further )
edge compression =

B¢\

D flexural rigidity =

12(1-u%)
E Young's modulus i _

8tress function _

k positlve integer used as subscript
- . Yan
Kon dimensionless deflection coefficient —%—
K dimensionless coefficient for initial deflection

Worn | B
t

m,n,p positlve lntegers used as subscripts

coefficlients 1in infinite series for p,

o} normal pressurs
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g,r,s,t positive integers used as subs2oripts

r plate thiclkness

W, V,w deflectlions of a polnt 1In the x-, y-, and
z-dlrections, respectively

W, initial deflection in z~direction

Wmn coefficients in infinite series for w

Wq n coefficients in infiniteseries for w,

m

Xy¥»2 coordinates of & point measured from origin at
corner of nlate (see fig. 10)

rxy sheering strain

74Yy shearing strain in middle surfuce

& total deflectlon at center of plate

6, initlal deflection at center of vlate

€y unit nlate shortening in x-direction (total
shortening divided by &)

€y unit plate shortening in y-direction (total
shortening divided by D)

€xs €y compresslive strain in x- and y-directions,

; regspectively )
¢! , ¢ middle-surface compressive strain in x~ and
x y y~-directions, rescectively

€ extreme-fiber compressive strain in x-direction
at concave side of plate center

€5 extreme-fiber compressive strain in x-directlon
at convex side of plate center

€ap critical strain in x-directlion for a flat plate

X subjected to compressive stress in x-direction
i Polsson's ratio

edge compresslve stress in x-direction

Oy edge compressive stress in y-direction
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Eé average edge compressive stress in x-direotion

————— et = e

Eb average edge compressive gtress ln y-direction

Oy Gy compresslve stresses in x--and y-directions,
resvectively S

d'ys o'y middle-surface comoressive stresses 1ln x- ana
v y-directions, resoeotively ’

c"x, o' extreme-fiber compressive bending stresses in
u x~- and y-directions, respectively

Oop critical edge compressive stress 1n x-direction

* Enzta‘

for a flat plate — >3 for a sguare plate
3(1-p°)b
~

Txy shearing stress ]
T!xy shearing stress in middle surfsace
T"xy extreme-fiber shearing stress due to bending only

Deviations from Flatness Considered

The tyves of initisl curvature, deviations from flst-
ness, sslected for the numerical analysis are those com-
ponents of the buckle pattern that first become 3redominant
after the asssumed-flat square plate buckles.

Let the deflection surfacse of the simply supported
square nlate be represented by the equation

[oe] oo
_ E mux nwy
w = Won sin 5 sin 5
m=l) n=1 T

i

ct

E:X!

3]

| o

ia]
g
og §=1
™

/3]

o

[aj
£
o|3

m=1l n=1

where the absolute value of w

an 1S the amplitude of a
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component deflection surface 'with m hsalf waves in the
x~direction and n half waves in the y-direction, and
Kmn is & nondimensional measurg of wg,, Iin terms of

the plate thickness (Kmn = E%B>.

At zero load the deflectlon surface W, which
describes the initiasl deviation from flatness, is given

as
feo) @ L .
W, =t X in ZEX 2y

(Komn = 0 for perfectly flat plate)

Yhena simply supported, nerfectly flat square plaete

first buckles, the deflection surfece w 1is of the form

tKll gin nx sin 7
b b

but as the deflection increaeses, other components appear,

the most 1mportant of which is

tK}l sin iﬂﬁ sin Ty
b b

It is therefore reasonable to assume that

. WE e, WY
tK sin —= gin.- -
°11 b b

ﬂo
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and

are the two most lmportant tyoes of initlal deviation from
flatness: ~Since the first of these types has a greater
efTect tThan the second, more variastions were studied of
the first than of the second. The oarticular combinations
of initlial curvature of the Koll and KO31 typ2e con-

sidered for numerical comautation are given in the fol-
lowing tabler

K K
°11 931
0 0 (flat)
.01 0
.ol 0
.10 o)
0 017
o .01

RESULTS AND DISCUSSION

The assumption 1s made in the analysls that all edges
of the nlate remain straight when buckling occurs, and
that the side edges are allowed to translate in the plane
of the plate to such & position that the resultant of the
transverse forces on the side edges of the plate is zero.
The edge positions and stress distribution corresponding
to such an agssumption for an iritially perfectly flat
plate are indicated in figure 1. <Yhen the plate is not
perfectly flat the stress distributions are, from the
beginning of loadin s more or less of the general type
illustrated by the "after-buckling" case shown in figure 1.

The theoretlcal study of the effect of deviations
from flatness on

(1) Growth of buckles with increase in load
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(2) Bffective width of plate

(3) Experimentally defined buckling or critical
stress . :

(L) Applicability of Southwell plot method of
predicting theoretical critical stresses for
perfectly flat plates -from exverimental
obgervations on sectual plates

disclosed relatlonships which would be of most general
velue when presented in nondimensional form by the use
2 L) >

t ' o € b
bt . N \,l"x CI'..X.

and "52' Polsson's ratio p 1s taken &s 0.316 for the

computations. The computed results apply only if the

nroportlional 1imlt is not exoseded.

of such natural ratios as

Growth of Buckles with Increase in Load

The way in which the net center deflectlon & - 50

increases with load as measured by the average stress
G, 1is shown in figure 2. ™hen a pegrfectly flat—plate
is sublected to an increasingz edge compression, no
deflection of the olate out of its original plane occurs
until a definlte stress, called the criticel stress, is
reached. An increase in load above ‘the critical load
causes large deflections which grow less and less
ras2idly ss the load incrsases more dnd more. (See

curve for K =X =0 1in fig. 2.)

When & vlate with an initial deviation from flatnsss
1s subjected to compression, the deflections that result
from appllication of load grow very slowly with the first
increments of load but grow very rsapidly as the criticel
load 1s epproached; near the critical loasd the rate of
increase of & - 6, with further increase in load
diminishes and &8 - 6, avprosches the dellection for the
verfectly flat plate st values not far above the critical

load. (See curves other than Koy = K°31 =0 1n fig. 2.)

.
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Effective wWidth of Plate

The fundamental information for evaluating the
effect of deviations from flatness on two types of effec-
tive width of plate 1s presented in figure %_where the

ratio of average stress to critical stress o /b is
g . . & crx

nlotted against the ratio of unit plate shortening to
critical strain ea/ccrx'

The usual "effective wildth" b,, which is associated

with the load-carrying canacity of the plate, may be
defined (see last paragraph of appendix B for derivation)
by the equation ) T

b :biﬁé__%fﬁ

[S] - 4
€ /e
a/ “er,

Thus the ratio of the effective wldth for load-carrylng
capaclty to the actual width of. the plate be/b is equal

to the ratio of ordinate to absclsse in figure 3. 1In
figure L the effective-width ratio bg/b for load-

cerrylng capecity is plotted against the ratio of average
stress to critical stress Ua/bérx ‘for plates with dif-

ferent amounts of initial deviation from flatness,

Another tyoe of "effective width" b'e is associated

with the stiffness of the plate against furtl compres-
sion that Is, doé/deaj, and is defined by the eguation

b'e _ d<3a/00rx>
’ d<3%/€°rx>

(A detailed discussion of this tyse of effective width
ls contsined in refersnce 2 where 1t is referred to as
"reduced effective width.") Thus the ratio of effeotive
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width for stiffness to actual width b'e/b is given
directly by the slopa of a curve of Bé/ocrx against

Eé/%crx- Such curves are shown in figure 3 for plates

with differentamotnts of initlal deviation from flat-
ness. In figure 5, the effective~-width ratio for stiff-
ness b', /b 1s plotted against the ratio of average
stress to critical stress E%/b

c I'x:

The effects of initial deviationa from flatness uson
the effective width of simply supported sguare plates are
most marked st stresses around the theoreticel flat-plate
critical stress. The effective wldth for load-carrylng
capaclty of a plate with an 1lnitial deviation from flat-
ness i1s, at all values of stress, less than that of an
inltially perfectly flat plate .(fig. L). The effective
width for stiffness against further compression, however,
is less than thet of a flat plate al stresses below the
theoretical critical stress but greater at stresses sbove
the critical (fig. 5). At stresses well above or below
the critical stress the effect of initial deviations unon
elther seffective width of plate becomss negligible.

Experimentally Defined Buckling
or Critlcal Stress

Since buckles begin to zrow with the beginning of
loading for a plate that has an initial deviation from
flatness, there can be no buckling stress for an sctual
rlate 1in the strict theoretical sense; however, just as
a8 defined yield stress has been fouhd useful for
materials that hsave no actual yleld stress, so a deflined
buckling or critical stress for & plate can convey much
meaning to & nracticing engineer.

A pverfectly flat plate remalns flat until thse
buckling stress is reached, whereupon buckles are prodused
that grow rapldly with very small_further Iincrsases in
load. (8es curve labsled ¥ = K =0 1in fig. 2.)

%11 Oz1
Since the rapid incresse of lutersl deflection with load
1s an important asosect of the buckling of a perfectly flat
plate, 1t is reasonable to retain this concent as the
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basis of an exverimentally determined buckling stress for
an actual plate. Because, however, strains are usually
more easily measured then dsflections with the egulpment
avallable at oresent and because the manner of growth of
the extreme-~fiber strains at either side of the buckle
crest is indicative of the increase in lateral deflections,
these strains instead of the lateral deflsctions are
frequently megsured in determining the buckling stresses

of plates. ' '

In two NACA pepers on the compressive strength of
stiffened panels (references 3 and lj) a method that will
be referred to herein as the "strain-reversal method" has
been used to obtaln exzperimental buckling stresses. The
critical stress obtained by this method is defined as
the stress at which the extreme-~fiber strain €5 on the

convex slde of the buckle crest stops increasing and begins
to decrease. Oritical stresses obtained sccording to

this definition are indicated by circles in figure 6,

where the calculated extresme-fiber strains in the dlrec-
tion of loading at either side of the buckle crest are
plotted as the abscissa agalnat the average applied stress
ag the ordinate for plates with various assumed initisl
deviations from flatness.

In a series of NACA papers on the plate compressive
strength of metals (references 5 to 10), the experimental
buckling stress was determined by a method that will be
referred to herein as the "top-of-the-knee method." The
eriticel stress, according to this method, is essentially
the stress corresponding to the top of the knee of a
curve of stress against lateral deflection. TIf the lateral
deflections cannot be readily measured, any other quantity
that increases in substantially the same manner as the
lateral deflections may be plotted instead. One such
quantity 1is € = €5, the difference in strains in the

direction of loading at the two sides of the buckle crest.
Buckling stresses obtained by the top~of-the-knes method
are indicated by squares on the curves of figure 7 for

the several assumed initial deviations from flatness
considered in the »nrssent paper.

The critical stresses obtained by the two methods
just described asre shown transferred to the stress-
deflection curves of figure 8. Both methods give critical
stresses that lie roughly on the knee of the stress-
deflection curve, the strain-reversal critical stress
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being the more conservatlive of the two. Since the knee
of the curve maey be Judged to be the transition stage
from a low to a high rste of increase of lateral deflec-
tion with load, both methods can be conslidered appro-
priate for obtalning experimental buckling stresses,
according to the criterion adooted herein as the basis
“for defining an exjserimental buckling stress. Rregardless
of which method 1s used, a certaln degree of personal
Judgment must be exerclsed in the selection of the buckling
stresses, and the experimentally obtained buckling stress
becomes more and more uncertain as the lnitial devlatlon
from flatness increases. Degnlte this uncertalnty, 1t

ls clear that the effect—of initial deviations is to
reduce the experimentally deterwmined buckling stress.

Critical Stress &and Postbuckling
Behavior of Plate

The experimental definitions of critical stress just
dilscussed were based on the concept of rate of growth of
lateral deflectlon with load as the theoretical critical
stress 1s aporoached. =Since the rate of growth of lateral
deflections below the theoretical critical stress 1is
strongly influenced by the 1lnitial deviation from flatness,
it is natural and perhaps desirable that any method for
determining experimental critlical stresses should be
sensitive to initlal deviations from flatness.

At stresses considerably beyond the buckling stress,
howevaer, the behavior of the plate 1s essentlally inde-
vendent -of initial deviations from flatness. (See
figs. 2 to 7.) For describling the elastic plate behavior
in this range of stress, 1t is therefore advantageocus to
use, if posslble, the theorstical critical stress, which
is slso indevendent of the inltlial imperfections of the
nlate. :

Southwell Plot Method of Predlcting
Theoreticeal Critical Stress
Because the critical stresses for perfect snecimens

are valuable both for checking theories and predicting
nostbuckling behavior and because in many cases such
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critical stresses are dlfflcult to compute, a method of
determining them from experimental data on ilmoerfect
specimens appears to be very deslrable. Southwell has
produced such a method for columns (reference 1ll), which
has been modified in reference 12 for easier appllcation

to experimental work. Although this method spplies to

flat plates under compresslion according to small-deflection
theory (». 321 of reference 1l3) it has been found some-
what unsatisfactory for general use in the laboratory.

An essentlal requirement for the success of the
Southwell method 1s that at least a part of the stress-
deflection curve approximate a rectangular hyperbola

(1-
c 5,

1 - s )% : (for pin-ended columns)
er

where &6 1s the total deflection of the center of the
column or plate, 50 1s the initlal deflection of the T

center of the column or plate, & 1s the average compres-
sive stress on a column, and Cor is the critical com-

pressive stress. The test data from which the Southwell
olot is constructed wust then be taken from this part of

the curve. Tn the light of this requirement, the resson

for the success of the Southwell method when avplied to
columns and for its fallure when apolied to plates is

made clear in figure 9, where the stress-deflection

curves for simply suvported columns and plates are com-
pared with the rectanguler hyperbolas that they must
aonroximate., (The stress-deflsction eurve in fig. 9(b)

is for a column of which the inltisl shave 1s & clrcular

arc and was calculated by large~deflesction thsory by =
metrod simlilar to thst used on pp. 69 to 72 of reference 13, )
In the case of a column, regardless of the initial shave,

the rsquirement that a part of the stress-deflection curve ~—~ ~ -
approximate a rectangular hyoserbola is certain to be met

as the stress aporounches the critical value. In the case

of a plate, however, the stress-deflection curve usually

o

a
D: _tg (for simply supported plates)

oo
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does not avproximate g resctangulsr hyperbola gt stresses
naar the critical stress unless the initial devization

from fletness havosns to be vsry small (fig. 9(a)).
Experience 1in the structures rcsearch laboratory of the
NACA Langley Laboratory indicates that the initial devia-~
tion from flatness aud the inevitable inaccuracy of
losding are usually not sufficiently amall to guarantes
this close approximation. FEven 1If these factors are
sufficiently smell, difficulty 1s encountered in measuring
with sufficlent accuracy the very small stralns or deflec-
tions used to make the Southwell plot for this special
case.

The close agreement between the plate stress-
deflection curves and the rectsngular hynerbolas at low
values of stress (fig. 9(a)) is largely fortultous and
nccurs because the type of inltisl deviation from flat-
ness agsumsed is the same as the lowsest buckling mode.

CONCLUSTONS

The following conclusions are based on an analysis
of simulated test data calculated by large-deflection
theory and apnly to the elastic behevior of simmly
suonorted square plates under comvpression.

1. T™he effects of Initlal deviations from flatness
uoon the buckle growth and sffeotive wldth of simply
supported sguare plates are most marked at stresses
around the theoretlcal flat-olate critical stress. At
stresses well above or below the critical stress the
behavior of a plats with an initisl deviation from flat=-
ness ls very much the same es thuat of an initially
nerfectly flat plate.

2. The effectlve wldth for load~carrying csapacity
of a plate with an initlal deviation from flatness is,
at all values of stress, less then that of an Initially
narfect plate. The effective width for stiffness egalnst
further compression, however, is less than that of-a flat
nlate at stresses below the theoretioal critlical stress
but greater at stresses above.

3. Either of two commonly used laboratory methods,
the strain-reversal method and the top~of-the-knee method,
glves experimental critical stresses thet are lower than
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the theoretical flat~plate critical stress, the strain-
reversal wethod generelly givine more conservative values
than the top-of-the-knee method. Such experimental
critical stresses are significant as an indication of the
start of rapidly growing lsteral Jdeflectlons. The effect
of increasing the initial deviation from flatness is to
reduce the experimental critical stress as determined by
either method.

L. The Southwell plot method of vredicting theoretical
critical stresses for perfect specimens from experlmental
observations on actual specimens may not be expected to
give, in general, satisfactory results when applied to
flat uolates.,

Langley Memorial Aeronauticel Laboratory
National Advisory Committee for Asronautics
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APPENDIX A
SOLUTION OF VON KARMAN EQUATIONS

The di fferential equations derived by von Warmén for
the equilibrium of a flat rectangular plate under the
action of normal pressurs gnd central surface streases
desbri?ed by the stress func%ion "F are as follows (refer-
ence 1

N2
she - abn  she |72, 22w 32w
Fterz o ’EK"S" BN (a1)
X OX“OY byh 00y Ox2 dye

b (%F 22w | o%F %W e> F %
+ - e (Aa2)
D \35° ¢%° Y 572 5%y ox0y

(The coordinate system is shown in fig. 10)

If the plate has an initlally curved surface
described by the function w,, the strains used to
establish equation (Al) wmust be revised as follows:

Strains -~ Flat nlate . Initially curved plate

cep oy LWy du _@w> (awo>2

2
- ov . LAWY dv 1 bw 1 /0%
Y 5y * 2@37) Sy <<3 ) -@y>
. u OV, owdw  du, oV dwdw OFy O
X7 oy Tox T ox oy dY dx  0x 3y 90X QvY
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The left side of equation (A2) is obtained from
expressions for bending and twisting moments; and, since
the moments depend not on the total curvature but only
on the change in curvature of the plate, the net deflec-
tion w - w, 1instead of the total deflection w should
be used on the left side for an initially curved plate.
The right side of equation (A2) gives the combined effect
of the lateral load p, and forces in the plane of the
plates; and, since the effeot of the forces in the plane
of the plates depends on the total deflection w, the
right side of equation (A2) remeins unchanged for an
initially curved plate.

The equations of equilibrium for an initially curved
plate therefore become

sty | olr ol _ (aa )2
s Toxlay? ok |\owdy

62 dgw dw )2 62Wo 62Wo' :
572 by2 <5x5y + = éyz (43)
L

Hw = w)  Hw - wg)  oHw - W) b,

+ 2 + —
ot 3x207" P D

O°F %w . o°F 3%w _ ,0%F 2w ()
ayZ 6}{2 63{2 55'2 OxX0y 63(6;7’ '

The mlddle-surface stresses are

.t
D
2 N

o' =-Q§E > (A5)
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The middle-surface stralns are

- Y
€ x
_€1
y
'

i

Y4CA
. A
L(fr o
E \ 5y dx°
1/8°F _ OCF 3
B\ ox2 6y2
_2(1 + p) °F
E  omYy
-/

T No. 112l

(£6)

The extreme-fiber bernding and. shearina stresses due
to bending alone are

-

o' =+ Bt %w - W) . HbZ(W - Wo)
T 201 - w8y | ex® 27
W o=+ Et éz(w - w,) 3% (w - W )
c = I
TR o | o o2 |
' 2
o Et d“(w - wy)
x‘y (] Y
2(1 + p)  Ooxcy

-

A solution of equations (A3) and (AL) must satisfy
the boundary condltions that the deflection and the
bending moment per unit length along the edges be

Z2ero:
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At x=0 end x = g,

3% (w - W) . pr(w - W,)
3x° 372

At y =0 and 3y = b,

3% (w - wo) 62(w - Wy )

&y° - dx2

. These conditions are satisfied by the two Fourier
series

o [on] 7
= ; E mmx nwy
w Won sin ~;— sin 5
m=1l n=1
> (45)
(o] (o]
2 et 2 TT.X ] an
HO E -;_ Womn sSin ———-a s1in ——-Ib
m=1 n=1 J

The normal pressure may be expressed by the Fourier
series

n, = E E Prg sin I°X sin Elgl | (49)
r=1 s=1 '

By substitution, equation (A3) is found to be
satisfied 17F

o= 5, 7° obxa = WX e B
= 5 E (bpq ° é) cos RE_ cos 951 (A1O)

p=0 g=
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where Tg

b

and
n-1 g-1 _
S §‘ (o
k=1 t=1

By =0, if p =

o g=1
k=1 +t=1

P
)

=
3
+

oY
\N
i
o
-
[
‘—b
Q
Il

pa
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are the average applied stressases 1n
the x- and y-dlrections, respectively, and where

.9
1) _
. B
n
)L@zb_F 2 aj3 :EE::
: 2 %75 n=1

- K)q - t) - 2 (g - t)?} et ¥(p-k)(g-t)

if Q#0 and n #O0

0

or q =0

+ p)(g - t) + K2 (q -:t)?] Wit "(k+p)(g-t)

p) tk (g = %) *+ (x + p)2 (q - ©)F

0

1f g #O0

if 9q#0O0 and p#O

or p

0

“le+p) 6 k(g-t)
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-1 o3
B = [k’c(p S(t+q) + K2 (% q)?'] it ¥(p-k)(t+q)
k=1 +t=1
if p #O
B =0, 1if p=0: : T
p-1 @ - )
B =:§Z: ;Z_—'[k(t +q)(p - k)t + ket?] Wi(t+q) W(p-k)t
k=1 ©=1

if q#0 and p #O -

B; =0, 1f q=0 or p=0
oo o]

By = E E E{t(k £ )+ q) - K (b + <1)2] Wit M(k+p)(+q)
k=1 t=1 '

1f g#0 or p#O
Bg =0, if q=0 and p =0

(-] o«

By =Z Z[k(t + g)(k + p)t - kgte] We(t+q) “(k+p)t
k=1 t=1

if q#0 and p #O L s

B; =0, if ¢=0 or =0
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k ﬂZ Z [(x + p) tie(t +q) - (k + p)? (& + ] *(n)t Y t+q)

k=1 +t=1
if g#0 and p £ O

Bg =0, if p=0 or q=0

B - ZZ Le + (6 + @t - (x ‘_”2 ] Y kep)( trq) "kt

k=1 +=1

if p#0 or g#FO

By = 0, if p =0 end q =20

E .
b o= E B
®ngq ob 2. °n
h (p z + q2§> =1

a8

The B, terms are the same as the B terms exceot
that w terms are replaced by W, terms.
The terms byg and boO may have any arbltrary

value but they are of no importance because they vanish
in the vartial derivatives of the atress function ¥
apnearing in equations (4A3) and (&h).
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Equation (Ali) is satisfiled if

2

_ - 21 2L
Prs = D<wrs WOI'S>G a2 T b2>

where

9

Aprg = An
n:

9

Bopg E Aon

n=1
r S 2

25

(Al11)

by = - g (s - t)k - (r ~ k)t b(r-k)ks;t).wkt |

k=1 =1

b, = - t(x + ) - k(t + 3)32 Oyt W(k+r) (t+s)

k=0 ©=0
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iy = E E Uw + r)(t + 8) - k_t.]z Oy (t+s) Vik+r)t
=0 t=1
2
ay, = [tk = (¥ + r)(t + s)] Plrsr)t i (ts)
=1 t=0 '
A = - Z E [t + 8)k - (k + _r>t32 Plktr) (t+s) "t
k=1 =1 ' '
r = :
Ag = - E E [tk + (r - k) (¢ +_s)Jd Plrek)t Vi (tts)
F=1 t=0
r o)
A = ) [t + s)k+ (r - k)t]2 b W
7 k=1 t=1 ;J (r-k) (t+s) Tkt
o 5] )
A8 = —Z E (s - &)k + 7) + tk]a bk(s-ﬁ)w(k-f-r)t-
=0 t=1
o] 8 : : 2
A = [(s -4t)k + t(k + r}q Plyer) (s=-t) Wit

k=1 t=1
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The equations for

for Ay e o Aq, respgqtively:
terms are replaced by by

AO 1 * > L] AOO

By integration the function

the conditions
b b >
[ G'X d'y' = f - .Q._:F_‘
vo o éyz

for x =290

i
o
S
tzj

a a
' d
¢

0 o

Il

for 5y O end yv=5>D
The
satisfy are that the edges
ané ¥ = b remain straight.
that aea be independent of ¥y

vendent of =x.

terms.

25

are the same as those

except that the ©»

-F is found to satisfy

remelning conditions thst the solution must
x = Q,
These condlitions require

x=8a, ¥y=0,

and that be. be inde-

By actual evaluation, it is found that

5 = 2 : D
- G-a 0pa ™
8€gq = = .2 * oo w 2 - Wo 2
E E 8a mn ( mn)
m=1
. . P )

- _ Opb A ne
be, = T T T m a5 n? [ﬁmn (womn>

m=1 n=1l
Tese exoressions for Fa and ?b are independent of
both x and jy.
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APPENDIX B . .
APPLICATION TO SQUARE PLATE

The formulas required for rumerical work are glven
for the special case of a square pnlate subjected %o
compression in only one direction. ILet

a = b
p, =90
65 =0

p = 0.316

The system of equations (All) becomes simplified in this
case to

: 2
0= —d— /g -K P2+ 32)
10.8 ( T8 °rs)<

—

9

a, r 1
— K. t (A -~ A ) (B1)
GCI"X 2.7 rs )_I_Eta rs Org

When symmetriceal initial curvature and symmetrical
buckling are assumed, and when only the first six com-
nonenta of the double harmonlc serles wlith odd subscrints

are considered, Kiqs K15’ K51’ K35’ Kl5’ K51 may

be determined from slx equations of the type of equa=
tion (All) when Eé/bcr and the initisl curvature are
X

known. Thsse eguatlons are similar . to those in table IT
of reference 1.



NaCA TN No, 112l

27

Extreme-fiber strains.- From equations (A6), (A7),
and (410), the extreme-fiber strains at the plate center

are given by

p=0 g=0

= + - ue - b -1
€o 3(1 - p) ZEt < °pq>( )

sy

[22] l=2) .
2 .
2 s 2
- 1~ b - b -1
3u( p=) g E E;;g'(;,q o )( )
p=0 q=0

+ 1.5(1 - u?) >°° >°° (-1 <m+n>

m=1,%,5 n=1,3%,5

= (- KmD

z (oS +
¢, 5, > o2 E—3-2
E_.._... = a____ + 5( 1 - ue) -—-—2 <qu - bO q)(—l)
cr -
or . x Et |3
pn:Q q:O o .

Y T
~3p(1 - 2 - -1
3p(1 - %) . (bpq bopq>( )

p=0 q=0

<o co

- 1.5(1 - u) Z Z (-1)(%2-%2(%%%))

m=1,3,5 n=1,3,5

>( B2)

The difference of the sxtreme-~fiber si_:rai_ns € - €2
in the x-direction at the center of the plate dlvided
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by ¢ is given by the following equation:

cr
o I.E:E‘.-])
3(1 - B 7 7(1) SCEEIE)

X
m=1,%,5 n=1,%,5

Lateral deflection.- The deflection at the centsr
of the vlate divided by the plate thickness t 1is

m+n
- ST WV

The net deflection at the center of the plate divided
by the plate thickness +t 1s

)

5 - & = > o
TN D MR M
m=1,%,5 n:l;3:5 '

Effective width.- If & flat plate shortens without

bucklinz, the average stress 1is E?‘ The average stress
on a buckled plate or a nlate with initial curvature 1s
gs» which 1s less than bE In other words, the buckled

plate or the »nlate with an initial devliation from flat-
nsss 1s equivalent in load-carrylng capacity to a flat
and unbuckled vlate of the same thickness but smaller
width. The width of this hyoothetical plate, or the
effective width be of the actual plate, can be obtained
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by eguating the load-carrying capacities of the two
nlates., -Thus

Eeabet = Gabt

Since, for elastlc buckling,

hence

= b (B6)
e:8./661" ) . _
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(a) Before losding.

A Y A
(b) After loading; Just
before buckling.
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(e) After buckling.
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Figure 2,=- Varlation of net-center-deflection ratio
wlth average edge-compressive-stress ratio for simply
supported square plates with slight "initlal deviations
from flatness,
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Figure 3, Varlation of unit-plate-shortening ratio
with average edge-compressive-stress ratio for simply
supported square plates with slight inltial deviations

from flatness,
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Variation of effective-width ratio for load-carrying
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Figure 5,- Variation of effective-width.ratio for stiffness
with average edge-compressive-stress ratio for simply

supported square plates with slight initiasl deviations
from flatness,
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plate center with average edge-compressive-stress ratio for simply
supported square plates with slight initial deviations from flatness.
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Comparison of calculated stress-deflection

curves for simply supported columns and plastes with the
rectangular hyperbolas that the curves must closely
approximate if the Southwell plot method is to apply.
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